Abstract. Following Mark Kac, it is said that a geometric property of a compact Riemannian manifold can be heard if it can be determined from the eigenvalue spectrum of the associated Laplace operator on functions. On the other hand, D'Atri spaces, manifolds of type A, probabilistic commutative spaces, C-spaces, TC-spaces, and GC-spaces have been studied by many authors as symmetric-like Riemannian manifolds. In this paper, we prove that for closed Riemannian manifolds, none of the properties just mentioned can be heard. Another class of interest is the class of weakly symmetric manifolds. We consider the local version of this property and show that weak local symmetry is another inaudible property of Riemannian manifolds.
Introduction and Preliminaries
If M is a compact Riemannian without boundary one may consider the eigenvalue spectrum (with multiplicities) of the associated Laplace operator on functions and ask how much geometric information is encoded in the spectrum.
The classical heat invariants a k (M ) (k ∈ N 0 ) are coefficients of the asymptotic expansion of the heat kernel of M , and are thus spectrally determined in the above sense. In particular, the volume a 0 and the total scalar curvature a 1 of M are spectrally determined. Note that each a k is some combination of expressions obtained from the Riemannian curvature tensor of M by applying covariant derivatives and traces. Therefore, it is of particular interest to know which curvature properties of a Riemannian manifold are spectrally determined.
A geometric property is "inaudible", i.e., not determined by the spectrum, if there exist pairs of isospectral manifolds which differ with respect to this property. For example, it was shown in [11] that the maximum of the scalar curvature function on a Riemannian manifold is inaudible (in spite of a 1 ), and it was shown in [21] that the total squared norm of the Ricci tensor, |ric| 2 , is inaudible, in spite of a 2 = introduced by A. Gray in [12] as one of the possible natural extensions of Einstein spaces. The type A property is clearly equivalent to ric(γ(t),γ(t)) being constant in t for each geodesic γ in M . Manifolds of type A are known to be analytic [25] and to have constant sectional curvature [9] . In dimensions up to three, manifolds of type A have been classified [15] and are homogeneous. In dimensions ≥ 5 there exist manifolds of type A which are not locally homogeneous [19] . In the four dimensional case it is still open whether the type A property implies local homogeneity. Four-dimensional homogeneous spaces of type A have recently been classified [1] , [3] .
Besides Einstein spaces, the most well-known examples of type A spaces are locally symmetric spaces (note that ∇R = 0 implies ∇ric = 0), D'Atri spaces [9] , and C-spaces [6] .
D'Atri spaces were introduced by J.E. D'Atri and H.K. Nickerson in [9] . A Riemannian manifold is called a D'Atri space (cf. [27] ) if the local geodesic symmetries (defined as σ p : exp p (X) → exp p (−X) on normal neighborhoods of p) preserve the Riemannian volume. Obviously, D'Atri spaces are a natural generalization of locally symmetric spaces (where the local geodesic symmetries are isometries). It is an open question whether each D'Atri space is locally homogeneous. The classification of D'Atri spaces has been obtained only in dimensions up to three [15] . In dimension four, partial classifications were obtained by J.T. Cho, K. Sekigawa and L. Vanhecke [22] , [23] , [8] ; the classification of 4-dimensional homogeneous D'Atri spaces has recently been completed by the first author and O. Kowalski [1] , [2] , [3] . See [17] for references about D'Atri spaces and related topics. A useful characterization of D'Atri spaces was proved by J.E. D'Atri and H.K. Nickerson [9] and improved by Z.I. Szabó [25] ; namely: A Riemannian manifold is a D'Atri space if, and only if, it satisfies the series of all odd Ledger conditions L 2k+1 , k ≥ 1. The Ledger conditions L m , m ≥ 2, are an infinite series of curvature conditions derived from the so-called Ledger recurrence formula. This formula is derived using a calculation involving the Jacobi operator (see [17] ). The explicit form of L m is known only for small values of m. The first nontrivial odd Ledger condition L 3 reads: (∇ X ric)(X, X) = 0 for all X ∈ T M ; this is exactly the type A condition. Therefore, every D'Atri space is of type A. The converse is not true [19] .
C-spaces were introduced by J. Berndt and L. Vanhecke in [6] . By definition, a Riemannian manifold is a C-space if for each geodesic γ in M the eigenvalues of the associated field of Jacobi operators Rγ (t) := R( . ,γ(t))γ(t) are constant in t. For locally symmetric spaces this is always the case (by ∇R = 0), so C-spaces are another natural generalization of locally symmetric spaces. It is an open question whether every C-space is locally homogeneous. The classification of C-spaces has been obtained only in dimensions up to three [6] . Non-symmetric Damek-Ricci spaces were the first examples of D'Atri spaces which are not C-spaces [5] . However, it is an open question whether each C-space is a D'Atri space. Obviously, every C-space is of type A: If for each geodesic γ in M the eigenvalues of the operator Rγ (t) are constant in t then so is its trace; but this trace is just ric(γ(t),γ(t)). The converse is not true; recall that non-symmetric Damek-Ricci spaces are D'Atri spaces, hence of type A, but are not C-spaces.
Weakly symmetric spaces were introduced by A. Selberg in [24] . A Riemannian manifold M is called weakly symmetric if each p ∈ M and each nontrivial geodesic γ starting in p there exists an isometry f of M which fixes p and reverses γ (equivalently: df p (γ(0)) = −γ(0)). This is not Selberg's original definition, but was Z.I. Szabó's definition of what he called ray symmetry [25] . However, Selberg's and Szabó's definitions turned out to be equivalent [7] . Weak symmetry implies commutativity [24] which is defined as follows.
A commutative space is a homogeneous Riemannian manifold whose algebra of I 0 (M )-invariant differential operators is commutative. Here, I 0 (M ) denotes the connected component of the isometry group of M . J. Lauret gave the first example of a commutative space which is not weakly symmetric [18] . Every commutative space is a C-space [6] .
Probabilistic commutative spaces were introduced by P.H. Roberts and H.D. Ursell in [20] for compact Riemannian manifolds from a probabilistic point of view. The general case has been treated by O. Kowalski and F. Prüfer in [14] and [16] . They characterized probabilistic commutative spaces as those Riemannian manifolds for which all Euclidean Laplacians∆ (k) (k ∈ N) commute. The Euclidean Laplacians are defined as follows: For p ∈ M define a differential operator∆ p on a normal neighborhood of p as the pullback of the (standard) Laplacian on the euclidean space
is certainly invariant under isometries, the above characterization immediately implies that every commutative space is also probabilistic commutative. Moreover, every probabilistic commutative space is a D'Atri space [16] . Classifications of probabilistic commutative spaces are known only for dimension three [15] . For more information about probabilistic commutative spaces and Euclidean Laplacians we refer to [17] .
Note that both the C property and probabilistic commutativity (as well as the D'Atri and the type A property) are local properties of Riemannian manifolds. As mentioned above, both of them are implied by commutativity which, in turn, is implied by weak symmetry. Therefore, the C property and probabilistic commutativity follow already in the case that some Riemannian covering of the manifold is weakly symmetric. In this context, let us introduce the following local version of weak symmetry: Definition 1.1. A Riemannian manifold M is called weakly locally symmetric if for every p ∈ M there exists ε > 0 such that for any unit speed geodesic γ in M with γ(0) = p there exists an isometry of the distance ball B ε (p) which fixes p and reverses γ | (−ε,ε) .
Local symmetry clearly implies weak local symmetry. The converse is not true: See [7] for examples of weakly symmetric spaces which are not locally symmetric. However, we note the following important fact which is analogous to the locally symmetric case: Proof. Let γ : R → M be a unit speed geodesic and p = γ(t 0 ) any point on it. By weak local symmetry of M there exists ε > 0 and an isometry of B ε (p) which reverses γ | (t 0 −ε, t 0 +ε) . In particular, s → ric(γ(t 0 + s),γ(t 0 + s)) is an even function of s ∈ (−ε, ε) and hence has derivative zero at s = 0. So t → ric(γ(t),γ(t)) has derivative zero at t 0 . Since t 0 was arbitrary, this function is constant. This shows that M is of type A. As mentioned above, it follows that M is analytic [25] . But on every complete, simply-connected, analytic Riemannian manifold, any isometry between open subsets of M extends to an isometry of M (see Corollary IV.6.4 in [13] ). In particular, the isometries from the definition of weak local symmetry extend to isometries of M . Hence M is weakly symmetric.
By the above discussion, Lemma 1.2 immediately implies that every complete, weakly locally symmetric Riemannian manifold is probabilistic commutative and a C-space. Lauret's aforementioned example [18] of a commutative (and hence probabilistic commutative and C-) space which is not weakly symmetric is in fact a complete, simply connected manifold; thus, by Lemma 1.2, it is not even weakly locally symmetric.
In the following diagram we now summarize, in the setting of complete Riemannian manifolds, the relations between those classes of manifolds which we discussed above and which are defined by local properties:
Here, ⊂ means that the inclusion is strict while ⊆ means that it is not known whether each D'Atri space is probabilistic commutative.
For our isospectral pairs of compact Riemannian manifolds N a+b,0 and N a,b (see Section 2) with a, b > 0 we will prove in Section 3 that the first manifold is weakly locally symmetric, and we will prove in Section 4 that the second manifold is not even of type A. Using (1) Let us mention that there are two other (less studied) local properties of Riemannian manifolds which turn out to be inaudible by our examples, namely, the so-called TC and GC properties (see [4] or [5] ). Each weakly locally symmetric space is a TC space and a GC space; on the other hand, each of these two properties implies the C property. However, it is not known whether these properties are really stronger than the C property and not equivalent to it.
Finally we remark here without proof that using the formula for the Ricci curvature from Lemma 4.3(i) below one can show that ∇ric = 0 for each of our manifolds N a,b , including N a,0 . In particular, none of our manifolds is locally symmetric (note that ∇R = 0 would imply ∇ric = 0), or Einstein (which would imply ∇ric = 0), or harmonic (which would imply Einstein). Whether any of these three properties is spectrally determined remains an open question.
The manifolds N a,b
Let v and z be euclidean vector spaces, each endowed with a fixed inner product, and let L be a cocompact lattice in z.
Definition 2.1. Given the above data, one associates with any linear map j : z → so(v) the following:
(i) The two-step nilpotent metric Lie algebra g(j) with underlying vector space v ⊕ z, whose inner product is given by letting v and z be orthogonal and taking the given inner product on each factor, and whose Lie bracket [ , ] j is defined by letting z be central,
(ii) The two-step simply connected nilpotent Lie group G(j) whose Lie algebra is g(j), and the left invariant Riemannian metric g(j) on G(j) which coincides with the chosen inner product on g(j) = T e G(j). Note that the Lie group exponential map exp j : g(j) → G(j) is a diffeomorphism because G(j) is simply connected and nilpotent. Moreover, by the Campbell-Baker-Hausdorff formula, exp
The two-step nilpotent Lie group G(j)/exp j (L). Note that exp j (L) is a discrete central subgroup of G(j), and that g(j) induces a left invariant metric, which we denote again g(j), on G(j)/exp j (L).
, each endowed with the Riemannian metric induced by g(j). Note thatÑ (j) is indeed invariant under multiplication by elements of exp j z because of exp j (X, Z) · exp j (0, W ) = exp j (X, Z + W ). Moreover,Ñ (j) is diffeomorphic to S dimv−1 ×z, and that N (j) is compact and diffeomorphic to S dimv−1 ×(z/L), the product of a sphere and a torus. The canonical projectionÑ (j) → N (j) is a Riemannian covering.
Definition 2.2. Two linear maps j, j ′ : z → so(v) are called isospectral if for each Z ∈ z, the maps j Z , j ′ Z ∈ so(v) have the same eigenvalues (with multiplicities) in C. Proposition 2.3 (see [11] ). Let j, j ′ : z → so(v) be isospectral, and let L be a cocompact lattice in z. Then the associated closed Riemannian manifolds N (j) and N (j ′ ), obtained as above, are isospectral for the Laplace operator on functions.
Id v for all Z ∈ z, then j and j ′ are obviously isospectral because the eigenvalues for both of them are ±i|Z|, each with multiplicity (dim v)/2. Definition 2.5. Let H = span{1, i, j, k} denote the algebra of quaternions with the usual multiplication, endowed with the inner product for which {1, i, j, k} is an orthonormal basis. For a, b ∈ N 0 with a + b > 0 define v as the direct orthogonal sum of a + b copies of H, let z := span{i, j, k} be the space of pure quaternions, and let L := span Z {i, j, k} be the standard lattice in z.
We denote the resulting Riemannian manifolds by (ii) Of particular interest to us will be the isospectrality of the pairs N a+b,0 and N a,b for a, b > 0: We will show in this paper that N a+b,0 is weakly locally symmetric, and thus, in particular, a D'Atri space, while N a,b for a, b > 0 is not a D'Atri space and not even of type A. We will also exhibit several other geometric properties that these isospectral pairs do not share. The simplest such example will be given by pair of isospectral ten-dimensional closed Riemannian manifolds N 2,0 and N 1,1 .
Proposition 2.7. For every a ∈ N the manifolds N a,0 andÑ a,0 are homogeneous.
Proof. Although this was already shown in [26] , we include an explicit proof here for convenience of the reader. In the general context of Definition 2.1, note that if A ∈ O(v) and C ∈ O(z) are two orthogonal maps which satisfy
is an isometric Lie algebra isomorphism of g(j) and is, thus, the differential of an isometric Lie group automorphism
where X and Z denote elements of v and z, respectively. Note that f A,C restricts to an isometry ofÑ (j). Now for j := j a,0 and v = H a , the pair (A, Id) satisfies (2) for any
Write exp := exp j . Given an arbitrary pair of points inÑ a,0 , say, exp(X, Z), exp(Y, W ) with X, Y ∈ v, Z, W ∈ z, we choose A ∈ Sp(a) such that AX = Y . This is possible because Sp(a) acts transitively on the unit sphere in H a . Then the isometry f A,Id maps exp(X, Z) to exp(Y, Z). Finally, left translation by exp(0, W − Z) is another isometry of G a,0 which restricts toÑ a,0 , and it maps exp(Y, Z) to exp(Y, W ). ThereforeÑ a,0 is homogeneous; since the isometries we used commute with the left action of exp(L) and thus descend to isometries of N a,0 , the latter is homogeneous, too.
Remark 2.8. Z.I. Szabó also proved in [26] that N a,b is not locally homogeneous if both a and b are nonzero. More precisely, he showed that in this case any isometry of the universal coveringÑ a,b leaves exp(v 1 ×z) and exp(v 2 ×z) invariant, where
Szabó's isospectral pairs N a+b,0 and N a,b thus exhibited the surprising fact that local homogeneity is an inaudible property of Riemannian manifolds.
Weak local symmetry of N a,0
In this section we are going to show that the Riemannian manifoldsÑ a,0 are weakly symmetric (Theorem 3.1); in particular, sinceÑ a,0 and N a,0 are locally isometric, the manifold N a,0 is weakly locally symmetric.
Theorem 3.1. For any a ∈ N the Riemannian manifoldÑ a,0 is weakly symmetric. In particular, N a,0 is weakly locally symmetric.
As a preparation for the proof we first state:
Lemma 3.2 (cp. [11] ). In the general context of Definition 2.1, for any p := exp j (x, z) ∈Ñ (j) with x ∈ v, |x| = 1, z ∈ z we have
In particular, L p * (x, 0) is a unit normal vector to
Proof. We write exp := exp j . The definition ofÑ (j) implies T pÑ (j) = exp * (x,z) (x ⊥ × z), where x ⊥ is the orthogonal complement of span{x} in v. Note that
this identity holds in any two-step nilpotent Lie group and follows from the Campbell-BakerHausdorff formula. In particular, exp * (x,z) and L p * coincide on z, hence L p * z ⊂ T pÑ (j). Finally, for any Y ∈ x ⊥ , the element exp
Proof of Theorem 3.1. Again we use the abbreviations j := j a,0 and exp := exp j . We write vectors in v = H a in the form X = (X 1 , . . . , X a ) with X 1 , . . . , X a ∈ H.
In order to show thatÑ a,0 is weakly symmetric, we must, for any given point p ∈Ñ a,0 and any given tangent vector at p, find an isometry ofÑ a,0 which fixes p and whose differential maps the given tangent vector to its negative.
SinceÑ a,0 is homogeneous it suffices to consider the case p := exp((1, 0, . . . , 0), 0). We then have, by Lemma 3.2,
Let L p * (X, Z) be any tangent vector in T pÑ a,0 and write X = (X 1 , X ′ ) with X ′ = (X 2 , . . . , X a ). Choose W ∈ span{i, j, k} such that W ⊥ span{X 1 , Z} and |W | = 1. Define A 1 ∈ O(v) by A 1 Y := −W Y W , and define C ∈ O(z) by CZ := −W ZW . Note that A 1 and C act on v and z, respectively, as Id span{1,W } − Id span{1,W } ⊥ . The pair (A 1 , C) then satisfies (2) . In fact, for all U ∈ z and all Y ∈ v:
Define the associated isometry f 1 := f A 1 ,C as in the proof of Proposition 2.7. Then f 1 fixes p because of
. . , c a Y a ). Then (A 2 , Id) satisfies (2), the corresponding isometry f 2 := f A 2 ,Id fixes p, and its differential at p maps L p * ((−X 1 , −W X ′ W ), −Z) to L p * ((−X 1 , −X ′ ), −Z). The isometry f := f 2 • f 1 ofÑ a,0 hence fixes p and maps our given tangent vector L p * ((X 1 , X ′ ), Z) to its negative, as wished.
Note that the isometry f 1 in the proof of Theorem 3.1 will in general not descend to the quotient manifold N a,0 because the condition CL ⊂ L will not hold in general. So we cannot conclude weak symmetry of N a,0 but only weak local symmetry. In this section we will show that for a, b > 0 the Riemannian manifolds N a,b are not of type A (Theorem 4.4). We first introduce some notation and compute some formulas for the Ricci curvature of the manifoldsÑ (j) from Definition 2.1 in the case that j is of Heisenberg type (Lemma 4.3). In particular, these formulas will hold for our manifoldsÑ a,b . Notation 4.1.
(i) Recall the notation from Definition 2.1. In the following, let j : z → so(v) be any linear map (not necessarily one of our maps j a,b ). We write [ , ] := [ , ] j , g := g(j), exp := exp j , G := G(j), g := g(j). Inner products , and norms | . | will refer to g (either onÑ or on G). We denote the Levi Civita connection ofÑ by ∇ and that of (G, g) by ∇ G . The Ricci tensor ofÑ will be denoted by ric and that of G by ric G . (ii) For any p = exp(x, z) ∈Ñ, where x ∈ v, |x| = 1, z ∈ z, we let ν p := L p * (x, 0) ∈ T p G. Recall from the Introduction that this corollary proves our Main Theorem 1.3.
